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Abstract 

We introduce the study of the local dynamics around a parabolic indifferent invari- 
ant curve for fibred holomorphic maps. As in the classical non-fibred case, we show 
that petals are the main ingredient. Nevertheless, one expects the properties of the 
base rotation number should play an important role in the arrangement of the petals. 
We exhibit examples where the existence and the number of petals depend not just on 
the complex coordinate of the map, but on the base rotation number. Furthermore, 
under additional hypothesis on the arithmetics and smoothness of the map, we present 
a theorem that allows to characterize the local dynamics around a parabolic invariant 
curve. 

1 Introduction 

Among the first results on one-dimensional complex dynamics one find the understood of 
the behavior of points near a fixed point under iteration of a holomorphic map. Since the 
works of Konig and Poincare, one knows that the derivative of the map at the fixed point 
rules the local dynamics in the hyperbolic case. When the derivative at the fixed point is 
not hyperbolic, one says that the fixed point is indifferent and finer techniques are needed, 
because the very fast exponential convergence due to hyperbolicity is no longer available. 

When the derivative is a rotation by a rational angle, one says that the fixed point 
is rationally indifferent. An elegant result due to Leau and Fatou states that the local 
dynamics is actually ruled by the derivative at the fixed point. Indeed, the local dynamics 
follows a nice and simple pattern known as a Leau-Fatou flower: 

Let f{z) = z + az n+1 + ..., a ^ 0. A simply connected open set U is called an 
attracting petal for / if 

G dU , f(U) C U U {0} and f] f j {U) = {0}. 

j>o 

One defines the notion of a repelling petal in an analogous way. 

Theorem 1 (Leau-Fatou flower, see [3l [4l ll2Lll3j ) Let f be as above. There exists n 
disjoint attracting petals and n disjoint repelling petals. These In petals, together with the 
fixed origin itself, form a neighborhood of the origin. 
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Recently, F. Le Roux has shown a topological version of this result for surface home- 
omorphisms with Lefschetz index bigger than 1. 



In the irrational indifferent case, the local dynamics is ruled by the derivative for the 
most cases. In fact, by assuming an extra arithmetical hypothesis on the rotation angle, 
the local dynamics is conjugated to the corresponding rigid rotation (the Brjuno arith- 
metical condition has full Lebesgue measure, see for instance [18]). 

In the last years, a special interest have been paid to skew-product dynamical systems, 
and many results about complex skew-product dynamics have appeared (see [9] , [15] , [T7] ) . 
On the one hand, skew-product dynamics presents a rich source of examples, and in 
the other hand, it is considered as an intermediate step towards the higher dimensional 
complex dynamics. This paper is devoted to the study of continuous maps in the form 

F : T 1 x D — > T 1 x C 

(9,z) .— ► (0 + aJ e (z)) 

where T 1 = R/Z, a is an irrational angle and each fg : D — > C is holomorphic. We call 
these as fibred holomorphic maps (abbreviated as fhm). Since 6 i— > 9 + a is minimal, F 
has no fixed points. However, the natural object playing the role of a fixed point is an 
invariant curve, that is, a continuous curve u : T 1 -)■ D such that 

F(9,u{9)) = (9 + a,u{9 + a)). 

The aim of this paper is to understand orbits of points close to an invariant curve. In [14J, 
the author shows that a Poincare-Konig Theorem holds for transversally hyperbolic in- 
variant curves. Also, a version of the Siegel's Theorem holds for Diophantine transversal 
rotation number. 

In this work we introduce the study of the local dynamics around a parabolic indif- 
ferent invariant curve. As in the classical non-fibred case, we find out that petals are 
the main ingredient (see Proposition [6]) . Nevertheless, one expects the properties of the 
base rotation number should play an important role in the arrangement of the petals. 
We exhibit examples where the existence and the number of petals depend not just on 
the complex coordinate of the map, but on the base rotation number (see Section 14.11) . 
Furthermore, under additional hypothesis on the arithmetics and smoothness of the map, 
we present a theorem that allows us to characterize the local dynamics around a parabolic 
invariant curve (see Theorem I10p . 

Given a curve u : T 1 — > D which is invariant for F, we can perform a fibred translation 
in order to locate u at the zero section T 1 x {0}. Therefore, in the sequel we will deal only 
with complex maps in the form fg(z) = a\[9)z + a2(9)z 2 + .... The invariant curve will 
be called parabolic indifferent if a\{9) = A, with A being a constant primitive root of the 
unity. 

Remark 2 Under additional hypothesis on the arithmetics and smoothness of the map F , 
we can relax the above definition just by demanding the number 




log ai (9)d9 
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to be a rational number. Indeed, by solving a cohomological equation and performing a 
fibred homotopy we can recover the above form for the map f$. A natural direction of 
research is to determine whether or no the results contained in this work still hold for this 
weak definition of a parabolic curve when those additional hypothesis are absent. 

Acknowledgments. I wish express my gratitude to Jan Kiwi and Jean-Christophe Yoccoz 
for many helpful discussions and comments. Part of this work was prepared thanks to the 
hospitality of the College de France. This work was partially supported by FONDECYT 
11090003 grant and MathAMSUD Project DySET. 



2 Fatou coordinates and cohomological equation 



In the one-dimensional case the study of the local complex dynamics near a parabolic 
fixed point is achieved by looking the map as acting on a neighborhood of infinity. More 
precisely, one introduces a conjugacy by the map i(z) = — z" 1 , the so called Fatou coor- 
dinates. This procedure will also give us good information about the local dynamics of a 
fibred holomorphic map on a neighborhood of a parabolic invariant curve. Let's consider 
the fibred Fatou coordinates 



/ : T 1 x C 
(9,z) 



T'xC 

(e,z = -z- 1 ). 



Let F be a fhm in the form 

F(0, z) = (9 + a,z + a 2 (6)z 2 + a 3 (6)z 3 + . . . ) 



(1) 



defined on T 1 x D(0,r) for some r > 0. By looking at infinity one gets the fibred map 
F = I o F o J -1 which is defined on T 1 x I(D(0, r)) and takes the form 



F(0,Z) =\e + a, 



i 02(g) _ 03(g) 



+ a, Z 



+ 



IF 



+ ... 



02(g) + 03(g) 



As the convergence radius of the series a2(9)z 2 + az(6)z 3 + . . . is at least r for every 6 G T 1 , 
there exists C > such that 



02(g) am 

Z Z 2 



+ 



< 1 



for \Z\ > C. Thus, for \Z\ > C we have 
F(9,Z). 



6 + a, Z + a 2 {V) H h . . . 



At a first glance, for big enough \Z\ this dynamics is pretty like a fibred translation by 
02(0). In fact, we will see that under some mild hypothesis, the map F can actually be 
conjugated to a fibred translation. Let's explain the general procedure: we look for a 
conjugacy 

T c (9,Z) = (9,Z + c(9)) 
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in such a way that T c o F o T c takes the form 

(e,Z)^(0 + a,Z + k + ^ + ^ + ...y (2) 

where k = J T1 a2{0)d6. This drive us to consider the cohomological equation 

c(9 + a) - c(9) = -a 2 (6) + k. (3) 

This equation has been widely studied. It is known that a continuous solution for ([3]) 
exists if and only if the Birkhoff sums of the function ci2(") — k are bounded (Gottschalk- 
Hedlund's Lemma, see [6]). Moreover, such a solution is unique if we require f Tl c{0)dO = 
(which will be always our choice). We don't pretend to discuss the precise and optimal 
hypothesis for the existence of continuous solutions for this equation. We just mention 
the following result: 

Lemma 3 (see [10J ) Let a be a CD{r) Diophantine number, a>2(9) a differentiable C 1+T 
function. Equation |5p has a continuos solution c : T 1 — > C ■ 

For more precise results, the reader can refer to Herman's works [3|8]. The next lemma 
is trivial, but useful in the sequel: 

Lemma 4 Let a be irrational and let 02(0) be a trigonometric polynomial. Equation (0j 
has a solution which is a trigonometric polynomial ■ 

3 Fibred flowers 

In this section we show that the classical theory of the Leau-Fatou flower also hold in the 
fibred setting. However, we need to know that the leading coefficient has non-zero mean. 
In the sequel, we write J* Tl • instead of J* T1 • dO. 

3.1 Case z + Az 2 + ... 

We continue with the discussion on the previous section. Assume that k = J Tl 02 7^ 0. 
Equation ([3]) could provide the required fibred translation T c . Of course, there are two 
situations we need to treat: 

Equation ([3]) has continuous solution. In this case, and by conjugating by an extra 
homothetic map Af c (6, Z) = (6, k~ 1 Z), the map F can be thought as having the form 

#(#,Z)=(. + a,Z + l + 5f + ^ + ...) (4) 

defined and convergent for \Z\ > C > 0, where C is a positive constant (possibly greater 
than C defined above) and bj : T 1 — > C are continuous functions. 
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Equation ([3D has no continuous solution. Let I : T 1 — > C be a trigonometric 
polynomial, such that 

i) i(o) = ; T1 = k. 

ii) \l(6) - a 2 (9)\ < for every 9 € T 1 . 
We solve the cohomological equation 

c(9 + a)-c(9) = -1(9) + k 

and obtain a trigonometric polynomial c : T 1 — > C which provides a conjugacy T c such 
that 

T c o F o T~ 1 (9, Z) = (fl + a, Z + k + (1(9) - a 2 (9)) + ^ + . . . 
An extra homothetic conjugacy allows us to consider F having the form 
F(9,Z)=(9 + a,Z + l + l(9) + b ^ + b ^ + ...^ 

where \l(9)\ « 1 and bj : T 1 — > C are continuous functions. 

In any case, we get a form for the fibred map that allows us to follow the classical 
construction providing the attracting and repelling petals. We perform the fibred version 
of this procedure in the next section. 

Near infinity dynamics and invariant regions. Let A > be a constant such that 
the regions 

Q\ = {Z = x + iy\x > A - \y\} , 

are contained in C \ D(0, C). The region 
large enough and Re(Z) > C 2 we have 

\ReF%(Z)\>Re(Z) + ^. 

Note that F(Q,\) C O^. 

Now, let's consider the region 1Zq C C, delimited by the line C = {x = L}, with L > A, 
and its image Cq = FQ_ a (C). For each 9 € T 1 there exists a homeomorphism Hq from 
1Zq into the region {Z € C | < Re(Z) < 1}. We can pick Hq verifying Hg(L + iy) = iy 

and Hq (^Fg_ a (L + iy)^j = 1 + iy. Moreover, we can take the map H (9, Z) = (9, Hg(Z)) 

to be continuous. If we restrict the dynamics of F to T 1 x {Re(Z) > L}, the subset 
UeeT 1 !^} x ^0 becomes a fundamental domain and we can extend the homeomorphisms 
Hq in order to get a homeomorphism 

H : T 1 x {Re(Z) > L} — > T 1 x {Re(Z) > 0} 
(0,Z) — > (9,H e (Z)) 



Q, A = [Z = x + iy\x < —A + \y\ } 
= U Q,^ is a neighborhood of 00. For C 2 
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verifying 

H o F o H~ x (9, Z) = (9 + a,Z + l) 

for every (9,Z) G T 1 x {Re(Z) > 0}. Indeed, for (9,Z) with Re(Z) > 0, there exists a 
unique n G N such that < Re(Z — n) < 1. Then we define 

H-\9,Z) = (e,F$_ na {H^ na {Z-n))) . 

By using an analogous construction we can conjugate F" 1 to (8 — a, Z — 1) into Re(Z) < 
-L. 

If we look at the regions fi^,f2^ in the z— plane (the original coordinates in a neigh- 
borhood of the origin) we get, for each fibre, two topological discs Vg ,Vg depending 
continuously on 9, such that 

LOG &Pj. 

2. V~q U Vq is a neighborhood of the origin. 

3. F 9 (K) C V+ +a and F e \V e ) C P+_ a . 

The disjoint union of the sets {9} x V~q forms an open tube having the invariant zero 
section in the boundary. Moreover, this tube is forward invariant and converges to the 
invariant curve by forward iteration. We call such a set a fibred attracting petal (we define 
analogously the notion of a fibred repelling petal). Summarizing, we can state the 

Proposition 5 Let F be a fibred holomorphic map as in ([7^. // J T1 a<i ^ then there 
exists one fibred attracting petal and one fibred repelling petal. The union of this two sets 
form a tubular neighborhood of the invariant curve ■ 



Exterior direction of fibred petals. We have shown that the original map F is 
conjugated to the map (9, z) \— > (9 + a, z + z 2 + . . . ) via the fibred homeomorphism L = 
Ak o T c o I. Explicitly one has 

L{0,z) = (9, AT 1 (^ + c{9) 

In Section 13.21 we will need to cut the plane C along the repulsive direction of the fibred 
petal, hence we compute it here: In the coordinates of Z this direction corresponds to the 
direction of the curve 7^ : t G M H > t £ C with t — > +00. Thus, the direction we look for is 
the direction of L~ 1 (9,^/ t ) as t — > +00: 

d -1 k 



dtkt-c{9) (kt-c(9)) 2 
1 1 



«V 1 + «gi) 
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that is parallel to k 1 . Thus, the exterior direction of the fibred petal does not depend on 
9 and corresponds to the direction of k . 



6 



3.2 Case z + Az n+1 + ... 

In this section we consider the following fibred map 

F(9, z) = (9 + a,z + a n+1 (9)z n+1 + a n+2 {9)z n+2 + . . . ) (5) 

with n > 1. We assume that f Tl a n+ \ ^ 0. Write J T i a n+ \ = re 1 ® with r > and 

G £ [0, 2tt). We consider the repulsive directions as the n unitary vectors ej = e l ^~ > 
for < j < n — 1. We call 7£j the open region limited by two consecutive repulsive 
directions e^, ej+i- Pick 7?. = IZj to be one of these regions. We define the homeomorphism 

(0, = 

where £_e = M+e -1 ®. We conjugate i 7 by $ n obtaining a fibred holomorphic map on 

T 1 x{C\£- e } 

(9, w) i — ► (0 + a, w + na n+ i(0)t(; 2 + ...). 

Since f T1 na n+ \ ^ Proposition [5] implies this map presents one fibred attracting petal 
and one fibred repelling petal (cutted by the line £~e)- Pasting together the regions IZj 
we get the 

Proposition 6 Let F be a fibred holomorphic map as in f5|j. // L x a n+ \ ^ then there 
exists n fibred attracting petals and n fibred reppelling petals. The union of these 2n fibred 
petals and the invariant curve form a tubular neighborhood of the invariant curve ■ 

3.3 Case Xz + Az 2 + . . . , \ n = 1 
Let 

F(9, z) = {9 + a, Xz + a 2 {9)z 2 + a 3 {9)z 3 + . . . ) 
where A is a n th primitive root of the unity. The iterate F n of F has the form 

F n (9, z) = {9 + na, z + b 2 {9)z 2 + b 3 (9)z 3 + ...), 

hence previous results (and the procedure at Section B~2|) can be applied. In the very same 
way as in the classical non fibred case, if F n presents a p petals parabolic behavior, let's 
say Vi, Vz, ■ ■ ■ , V v are the fibred attracting petals, then F{Vj) equals Vi for some i (in the 
sense of germs). Thus, F permutes the petals in cycles of length n. We conclude that n 
divides p. 

4 Case f T1 = 

Let's come back to the situation of the map ([2]) and assume that J Tl a 2 = 0. Suppose 
that a continuous solution c 2 : T 1 — > C exists for the cohomological equation ([3]). By 
performing the fibred translation and then coming back to the original coordinates, it is 
not hard to see that the map F is conjugated to 

(9, z)^(9 + a,z- d lZ 3 + d 2 z 4 + {d\ - d 3 )z 5 . . . ) 
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where 

b 1 = a\- a 3 

h = 0-4 — 2a2a3 + a 2 

63 = —05 + a| + 20204 — 3a\a 3 + a\ 

d\ = 61 

d 2 = 6ic 2 + b 2 

d 3 = hcj + 2&2C2 + b 3 . 

We call Fn\ the order 2-reduction of F = F^ y In general, if the leading coefficient 
(let's say a n+ \) verifies J T1 a n+ \ = 0, and the corresponding cohomological equation has a 
continuous solution, we can perform a reduction in order to get a fibred map with leading 
coefficient of order n > n + 1 . We call it the order n + 1-reduction (see Section 14,21 for 
details). We can easily obtain formulas for the new coefficients {dj}j> n+ 2 m terms of the 
old ones {aj}j> n+ \ and the solution h n+ \ to the corresponding cohomological equation. 
For example: 

n + 2) Provided that n > 2 one has 

d n +2 = «n.+2- 

n + 3) Provided that n > 3 one has 

In the case n = 2 one has: 
2 + 3) 

a 5 = 3a 3 h 3 + a 5 . 

4.1 Some pathological examples 

In this section we exhibit some examples showing new phenomena on parabolic fibred 
maps. First three examples show that counting petals is not easy a priori, in contrast 
with the well known parabolic theory of the one-dimensional complex dynamics. Last two 
examples are toy models for more complicated behavior. 

1. Let's take 

F(e,z) = (e + a,z + sin(d)z 2 ) . 

In this case J Tl a 2 = and the cohomological equation has continuous solution for 
every irrational a. By performing the order 2-reduction, we find out that F is 
topologically equivalent to 

(6, «)■—>• (e + a,z- sin 2 (9)z 3 + ...). 

Since J* Tl sin 2 (9)d9 ^ 0, F has a fibred flower with 2 attracting petals and 2 repelling 
petals . Also note that every coefficient aj of F verifies J" T1 aj = 0. 
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2. Let's take 

F(6, z) = (9 + a,z + sm(9)z 2 + sin(0) 2 z 3 + cos(0)V) . 

Note Jj! a 2 = and J* T1 03 7^ 0. We could guess a 2 petals parabolic behavior. 
Nevertheless, the order 2-reduction says that F is topologically equivalent to 

(M) •— > (# + a,z+ (l-2sin 3 (#)),z 4 + ...) . 

Hence a 3 petals parabolic behavior appears! 

3. In the next example, we will construct a parabolic fibred map presenting petals, but 
in such a way that the number of petals depends on the base rotation number. This 
suggests that the number of petals can not be computed by means of an integral 
just depending on the complex coordinate of the map (as in the one-dimensional 
case) . We use the notations of the beginning of Section HI We will construct a fibred 
polynomial of degree 5 with trigonometric polynomial coefficients: 

F a (0, z) = (9 + a,z + a 2 {9)z 2 + a 3 (9)z 3 + a 4 (9)z 4 + a 5 (9)z 5 ) . 

We use the sub-script for making explicit the dependence on the base rotation num- 
ber. Take a non identically zero a 2 such that J Tl a 2 = 0. Let h 2 be the solution to 
the corresponding cohomological equation. Note that depends on a (we put a as 
a super-script in order to remark this). Take a 3 being constant and equal to J* T1 a|. 
The order 2-reduction gives 

F a (6, z) = (9 + a,z- d lZ 3 + d^z 4 + (d\ - d%)z 5 + ...). 

The above choice of 03 yields J Tl d\ = 0. We can make the order 3-reduction 
and construct the solution to the corresponding cohomological equation. We 
conjugate the original map to 

(9, 2) 1— ► (9 + a,z + d^z 4 + [-3di/»£ + d\ - d 3 ] z 5 + . . . ) . (6) 

Recall 

d 2 = b\ /if + b 2 = (a 2 — a 3 )h2 + 04 — 2a 2 a 3 + a 2 . 

Fix a = a* and pick 04 to be a constant and such that fji d^ = 0. By performing 
the order 4-reduction we can conjugate F a * to 

(9,z) t—> (e + a*,z+ -3dihf+dl-d 3 z 5 + ...V 

Finally, choose 05 (and so d 3 ) such that 3d\h 3 + d\ — d 3 ] 7^ 0. Hence F a * 

presents a 4 petals parabolic behavior. 

By the other hand, pick a = a** such that in (|6|) we have f Tl d 2 ** 7^ 0. Then, the 
reduction procedure stops there and F a ** presents a 3 petals parabolic behavior. 

4. Let a be an irrational number not belonging to the Brjuno class (see [18] for defini- 
tions). The following theorem is due to Yoccoz 
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Theorem 7 (see |18| ) The quadratic polynomial P(z) = e 27Tia z + z 2 is not lin- 
earizable. Furthermore, there exists periodic orbits approximating the fixed point 
z = m 

Consider the following fibred holomorphic map: 

Q(9,z) = (9 + a,P(z)). 

Of course, this fibred map does not present a parabolic behavior since there are 
periodic curves converging to the invariant curve. By performing the (not isotopic 
to the identity) change of coordinates (9, z) i— > {6, e~ 2md z) we get the map 

(9,z) ^ (e + a,z + e 2 ™ {e - a) z 2 ^ 

which seems to be a fibred parabolic dynamics. Note that J Tl aj = for every j > 2. 
We will come back to this example in Section 14.21 

5. The next one is an interesting example, since, at some extent, it should model the non 
reducible case, being the source of new and rich phenomena in fibred holomorphic 
maps. Let a : T 1 — > C be a continuous function and such that /' ., a = 0. We consider 
the fibred map defined in T 1 x C 

F » ( "' z > = ( 9 + "'T^)l) 

= (9 + a,z + a(9)z 2 + a(9) 2 z 3 + ...) . 

By the change of coordinates at infinity we get the map 

F a ifi,Z) = (9 + a,Z + a(9)). (7) 

In the literature, (|7|) is known as cylindrical cascade and has been widely studied 
(see for instance [6], [2], [I], and the fairly complete introduction on [5]). 

If the corresponding cohomological equation 

c(0) - c(0 + a) = a(9) (8) 

has a continuous solution, then the map F a , and a posteriori F a , is topologically 
equivalent to the fibred identity map (6, Z) i— > (9 + a, Z). On the other hand, let's 
concentrate in the situation where we can not solve the cohomological equation. 
In this case one says that the dynamical system ([7]) is non-integrable. The most 
outstanding result concerning topological dynamics of cylindrical cascades is 

Theorem 8 (Atkinson '78, [TJ) Let a : T 1 — > C be a continuous function with 
fjx a = 0. If F a is non-integrable then there exists a non-zero complex number r 
such that the real cylindrical cascade 

{9, t)\ — > (9 + q, t+ < t, a(9) >) 

is topologically transitive ■ 

Note that the above real cylindrical cascade is a topological factor of F a and hence, 
F a is far from exhibiting any parabolic behavior. By the other hand, Besikovitch 
shown that cylindrical cascades are never minimal. 
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4.2 Infinitely reducible maps 

In this section we look for the possibility of conjugate a parabolic fibred map to the fibred 
identity map 

Id a (9,z) = (9 + a,z) 

via a fibred holomorphic change of coordinates. Just from the formal point of view, there 
should exist H(9, z) = (9,z + h 2 (9)z 2 + h 3 (9)z 3 + . . . ) such that 

FoH = HoId a . (9) 

By writing out the formal power series in the above equality we get a recursive definition 
for the coefficients h k '- 

(1) h x {9) = 1 

(2) h 2 {9 + a) - h 2 {9) = a 2 {9) 

(ecfc) h k {9 + a) - h k {9) = J2j= 2 a j {En+-+r J -=* h n " ' ^ } 

However, each cohomological equation (ec&) has sense only if equations (2), . . . , (eck-i) 
have continuous solutions h 2 , ■ ■ ■ , hk—i- A necessary condition for the existence of the 
coefficients for H is the vanishing of every mean 

(Hypk) J T i52 k j=2 a j {^ ri+ ... +rj=k h ri ---h r] }(9)d9 = 0. 

Of course, the hypothesis (Hypk) has a sense only provided that (Hyp 2 ), . . . , (Hypk-i) 
hold and equations (2), . . . , (ec^-i) have continuous solutions h 2 , . . . , hk—i- This formal 
computation suggests an algorithm for studying the dynamics of F near the invariant 
curve: 

1. If (Hypk) does not hold, then we can use the continuous change of coordinates 
H k ^ 1 (9, z) = [9,z + h 2 (9)z 2 + • • • + hf t _i(9)z k ~ 1 ) in order to conjugate the original 
map F to 

F k (9,z) = (9 + a,z + h k z k + 

with J" T1 Ofc ^ 0. Hence, F k , and a posteriori F, presents a k — 1 petals parabolic 
dynamics. 

2. If {Hypk) holds and there exists a continuous solution h k for (ec^), we iterate this 
algorithm for (Hypk+i) and (ec^+i). 

3. If {Hypk) holds but (ec&) do not admit a continuos solution, then the dynamics of 
F can be as strange as a cylindrical cascade (see Example 5 in Section f4. 1 j) and we 
can not say much more. We call F a non-reducible map. 

If this algorithm stops for some k, then we have a sufficient understood of the local 
dynamics of F around the invariant curve. In the other hand, it may occur that at each 
step we fall on the point (ii) of the above algorithm. In this case we say that F is infinitely 
reducible. 
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A natural question in the infinitely reducible case is whether or no F is conjugated to 
the fibred identity map I a . At least formally, this is true due to ©. The next example 
shows that in order to get a topological conjugacy (that is, the uniform convergence of the 
series z + h 2 (6)z 2 + ...), we need to require additional hypotheses: 

Proposition 9 Let a be an irrational number not belonging to the Brjuno class. Then 
the fibred map 

Q(6,z) = (e + a,z + e l{e - a h 2 ^ 
is infinitely reducible but not topologically conjugated to the fibred identity. 

Proof. By Yoccoz's Theorem, Q is not topologically conjugated to the fibred identity. 
We need to show that Q is infinitely reducible. Indeed, every (Hyp^) holds, otherwise, 
Proposition [6] implies parabolic behavior. Moreover, each equation (ec/%) has a continuous 
solution since every {foj,aj}j<fc are trigonometric polynomials. ■ 

Under good hypotheses on F and a, the situation in rather simple and we obtain the 
following dichotomy, which represents the main result on this work: 

Theorem 10 Let 

F : BjxD — ► B s x C 

(6,z) .— > (e + a,z + a 2 (6)z 2 + ...) 

be a fibred holomorphic map, analityc on Bs x B ; where B$ = {6 G C/Z | Lm{6) < 5} 
for some 5 > and D = {z € C | \z\ < 1}. Also suppose that a verifies a Diophantine 
arithmetic condition CD(c, r) for some c > 0, r > 0. One of the following statements hols: 

1. F is not infinitely reducible and there exists k > 1 such that F : Bs x D — > Bg x C 
presents a k petals parabolic behavior around the invariant curve. 

2. F is infinitely reducible and there exists 

H : B s/2 xD r ^ B s/2 x C 

(6,z) k-> (6,z + h 2 (6)z 2 + ...) 

analityc on B$/ 2 x D r for some < r < 1, such that 

H- 1 o F o H = Ld a . 

Proof. The first part follows easily from Lemma [3] and Proposition [6j For the proof of 
the second part we will need to estimate the growth of the coefficients hk- For that, we 
will follow closely the original proof by Siegel of the linearization theorem for holomorphic 
germs with Diophantine rotation number. We start by recalling some technical lemmas 
from the Siegel's paper [16]. 



12 



Siegel's Lemmas. Let {e„} ng N be a real sequence verifying 

e n < (2n)" (10) 

for some v > 0. Let's define the sequence $i,#2,--- recursively by $1 = 1. For fc > 1, 
denote by the biggest value among the products i? ri $ r2 • • • ?? rj with 

T\ + r2 + • • • + rj = k > r\ > r-i > ■ ■ ■ > rj > 1 

and 2 < j < k. Define = et-i^k- 
Lemma 11 The following holds 

for every k > 1 ■ 

Let's define the sequence n, T2, ■ ■ ■ recursively by 



T ri T r2 ■ ■ ■ T r . 



where the above sum is taken over every integer solution of r\ + r2 + • • • + rj = k with 
2 < j < k. 



Lemma 12 The power series 



k=i 

converges on the disc \z\ < 3 — 2\/2 ■ 
Let's define the sequence 71, 72, . . . recursively by 

71 = 1 

7 fe = £ fe _i^7 n 7 r2 ---7 r . 

where the above sum is taken over every integer solution of 77 + r2 + • • • + Vj = k with 
2 < j < k. 

Lemma 13 The following inequality holds 

Ik < $kTk- 

Consequently, the power series 

00 
k=l 

converges on the disc \z\ < (3 - 2 v / 2)2~ 5i/ " 1 ■ 
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Estimates for the analytic cohomological equation. Consider the cohomological 
equation 

h(0 + a) - h{6) = g{6) (11) 

where g : Bg — > C is analityc on the strip Bs and a verifies the Diophantine condition 
CD(c,t). Also assume that J* Tl g{0)d6 = 0. The classical method of the Fourier series 
gives the formal solution 

neZ\{0} 

where g(n) means for the Fourier coefficient. We pick h(0) = J* Tl h{6)d6 = 0. 

Lemma 14 Denote by \\g\\s = sup egBi |s(0)|- Suppose \\g\\s < E. With the above hypoth- 
esis and notation one has that the solution h is analytic on the strip Bs- Furthermore, 
there exists a constant C = C(c) such that for every d < S one has 

EC 

5-d < 



dz+r- 

Proof. The Fourier coefficient can be estimated by 

\g(n)\ < Ee'^ 5 
for n£Z\{0}. The Diophantine condition yields 

C 



\e ma -1|< 



| n |2+r 



for some constant C = C(c). Using (fT2|) and the above estimates one gets 

\\h\\ S -i<EC £ e-\ n \ d \n\ 2+T ■ 
neZ\{0} 

Lemma [151 bellow completes the proof ■ 

Lemma 15 For every s > there exists C = C(s) such that for every x 6 (0, 1) one h 

V x n n s < - — — — -r 

n>0 V ; 

Proof. Note that 

^x"n s < ^2(n + s)(n + s-l)---(n + l)x n 

n>0 n>0 



r/.s 



dx i 

QS 

dx s V 1 



n>0 
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Now, we can give the proof of the Theorem [TU1 Let v = v{5, c, r) be such that 



E 

k>2 



C(k-l) 5 

r Xk-i)r) < 2- 



(13) 



For k > 2 define 



C(k-l) \^ , C(fc-l) 
' and £fc_i — 



(2(*-l))* 



4 +T ' 

By construction, condition (pTJ]) holds. Put Si = 5 and recursively 5k = &k-\ ~ dk- Note 
that by (113j) we have <5fc > | for every > 1. As •) has an uniform convergence radius, 
there exists a > such that |aj(#)l < a- 2-1 for every j > 2 and € -B5. By considering the 
coordinates change z 1— > ^ we can assume that < 1 for every j > 2,6 E -B5. 

Lemma 16 For every k > 1 i/ie following holds 

\\hk\\s k < 7fc- 

Proof. The desired inequality holds for fe = 1. Assume the result for every j < k. Lemma 
Q3] asserts that the solution hp- for the equation (ec^) verifies 



< 



c 

a k 



J'=2 



riH \-rj=k 



\\h k \\s h < 



C(k - 1) 



E 



nH \-rj=k 



7n • • ■ 7r 



Efc-1 



7ri • • • 7r 



7fc 



riH hr-j=fc 

Finally, putting together Lemmas 1131 and [TBI the proof of the Theorem [10] is complete 
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